Relativistic spin-1/2 particles in curved spacetime are naturally described by Dirac theory, which is a dynamical and Lorentz-invariant field theory. In this work, we propose a non-dynamical fermion theory in 3+1 dimensions called spinor-topological field theory, where a Cartan connection, related to de Sitter group, plays a central role. We show that our model gives rise to the Dirac theory once that de Sitter gauge invariance is broken down to the Lorentz one, providing a geometric meaning to the fermion mass. Finally, we show that quantum gauge fields and opportune four-fermion interactions can be included in our model in a straightforward way.
Relativistic spin-1/2 particles in curved spacetime are naturally described by Dirac theory, which is a dynamical and Lorentz-invariant field theory. In this work, we propose a non-dynamical fermion theory in 3+1 dimensions called spinor-topological field theory, where a Cartan connection, related to de Sitter group, plays a central role. We show that our model gives rise to the Dirac theory once that de Sitter gauge invariance is broken down to the Lorentz one, providing a geometric meaning to the fermion mass. Finally, we show that quantum gauge fields and opportune four-fermion interactions can be included in our model in a straightforward way. Introduction.-The Dirac theory of fermions plays a central role in modern physics. Relativistic fermions are not only the main constituents of matter at fundamental level but they also emerge as quasiparticles in several condensed matter systems like graphene, topological insulators and superconductors [1] . Moreover, any attempt to achieve the fundamental quantum nature of spacetime has to take into account fermionic matter. Obviously, in this case, fermions are coupled to a curved background. The generalization of Dirac theory in curved spacetime was proposed by Fock and Ivanenko in 1929 [2] . They introduced for the first time the concept of spin connection and tetrads which define the Dirac operator on a spin-manifold. The tetrads are directly related to the metric tensor, while the spin connection comes from the local invariance of spinor field with respect to the Lorentz group. When spinors are integrated out in the corresponding partition functions, then suitable topological terms appear in the corresponding effective actions [3] . Around the ground state, these terms are dominant with respect to the non-topological ones. This implies that topological field theories (TFT) describe the physical properties of Dirac particles coupled to gauge fields and curved background in the low-energy regime. By definition, TFT are non-dynamical gauge theories, i.e. there are no propagating degrees of freedom on shell because of their metric-independent actions [4] . However, they have important applications in topological phases of matter [5] , in high energy physics and gravity. In this latter case, it is well known that general relativity can be written as a constrained topological BF theory [6, 7] . On the fermionic side, it is also well known that the Rarita-Schwinger theory that describes spin-3/2 fermions has no propagating degrees of freedom in 2+1 dimensions because in its action, the totally anti-symmetric Levi-Civita symbol replaces the metric tensor [8] . For this reason, it can be reformulated as a supersymmetric Chern-Simons theory. At this point, one can wonder if also the Dirac theory can be derived from a suitable TFT following the same above arguments.
FIG. 1:
Here, it is schematically represented the main difference between Cartan and Riemann geometries. In the former case (top picture), the tangent space of a manifold is isomorphic to a de Sitter space. In the latter case (bottom picture), the tangent space is isomorphic to a flat space.
The goal of this paper is to provide and analyze a new kind of femion theory in 3+1 dimensions called spinortopological field theory, where a Cartan connection [9, 10] plays a central role. We will show that this gauge theory, although locally invariant under the de Sitter group SO(4, 1), gives rise to the standard Dirac theory once that the gauge invariance is broken down to the Lorentz one. This means that the dynamics of fermions emerges in the low energy limit, when the spinor field acquires propagating degrees of freedom after the phase transition generated by the symmetry breaking. Within this framework, we will provide a geometric meaning to the arXiv:1502.05318v1 [hep-th] 18 Feb 2015 fermion mass, showing also that our model shares the same geometric properties of Einstein-Cartan theory of gravity [11] , formulated by employing the language of Cartan geometry. Finally, we will show that quantum gauge fields and four-fermion interactions can be naturally included in our theory.
Spinor-topological field theory.-We start considering a field theory in a 3+1-dimensional Lorentzian spacetime M 4 , defined by the following action
where µναβ is the Levi-Civita symbol, µ = 0, 1, 2, 3 and θ is a dimensionless constant matrix. Here,
represents the curvature tensor of a connection A µ and D A µ = ∂ µ + A µ is the corresponding covariant derivative. A µ takes values in the group Spin(4, 1) which is the double covering of the de Sitter group SO(4, 1) [10] . D αβ is an operator given by
where e a µ are the tetrads and l is a constant parameter with the dimension of a length which is related to the radius of the de Sitter space. The theory is gauge invariant because the spinor field Ψ is locally invariant with respect to the SO(4, 1) group. The corresponding representation is given in terms of suitable products of 4×4 Dirac matrices {γ a , γ 5 } [12] , with a = 0, 1, 2, 3, while γ 5 = iγ 0 γ 1 γ 2 γ 3 is the chiral matrix. Clearly, the above action is metric independent and describes a spinor-topological field theory. In other words, the fermion field has no propagating degrees of freedom because is not possible to build the standard Dirac operator D = i e µ a γ a D µ through the inner product between tetrads and the covariant derivative. The tetrads e a µ are not real gauge fields but they play a central role in characterization of spacetime. In fact, the metric tensor g µν can be defined in terms of these variables, namely g µν = e a µ e b ν η ab , where the local flat metric η ab can be written trough the anti-commutation relations between the Dirac matrices, i.e. {γ a , γ b } = 2 η ab I, where I is the identity matrix. At this point, one can wonder if there is any relation between our model and the Dirac theory, although this latter theory describes dynamical fermions. Moreover, the de Sitter group seems to not play any fundamental role in fermion theories. In fact, it is well known that in the curved spacetime, the fermion field is locally invariant under the Lorentz group SO (3, 1) . The corresponding covariant derivative is built through the spin connection ω µ = ω However, we are going to show that the Dirac action can be naturally derived from our action (1), providing also a geometric meaning to the fermion mass. This can be achieved by postulating the breaking of the local de Sitter-invariance of the spinor field, such that only the invariance with respect to the Lorentz subgroup is preserved. This implies that dynamics is not a fundamental property of the fermion field, but an emergent phenomenon that occurs at low energy (low with respect to the Planck scale) through the SO(4, 1) breaking. In order to actuate this procedure, the connection A µ has to be seen as a Cartan connection [9, 10] , i.e. a connection related to a generalized tangent space isomorphic to the de Sitter space as shown in Fig. 1 . In Cartan geometry, there exists a unique decomposition (up to a sign [13] ) of A µ that is given by
such that the corresponding curvature tensor F µν is decomposed as follows
where
is the Riemann tensor while T a µν represents the torsion. As a further step, we fix the structure of the matrix θ, such that θ = − i 4! (γ 5 ξ + Iζ), where ξ and ζ are dimensionless parameters. We have now all the ingredients necessary to derive the Dirac theory. We have just to rewrite A µ and F µν in (1) in terms of ω µ and e a µ . In order to simplify the calculations, let us define the following variables γ µ = e a µ γ a , being the metric tensor g µν on M 4 identified through their anticommutation relations, i.e.
We focus on the terms in the action (1) which are multiplied only by tetrads without considering the other terms proportional to the Riemann tensor and torsion. The corresponding Lagrangian density for these terms, is given by
Thanks to the following identity
we can rewrite the totally anti-symmetric product between tetrads in (7) as follows 
where we have used the relation between the (symmetric) metric tensor g µν and tetrads. The inverse of a tetrad e β d
can be written as [14] (11) which is nothing but the Dirac action, where m D = ξ/l and m C = (2 + ζ)/l are the Dirac and chiral masses, respectively. Note that the hermitian conjugate of the kinematic term in this action can be derived within our formalism in a straightforward way. It is important to remark the fact that the chiral mass is invariant under the chiral transformation but all the known massive fermions in the Standard Model possess only the Dirac mass (implying ζ = −2). However, m C is not irrelevant in physics because, for example, it appears in some effective Dirac Hamiltonians that describe topological insulators and superconductors [1] . For what concerns the other terms in (1) proportional to R ω µν and T µν , they cannot generate any dynamical theory, disappearing in the flat limit.
Gravity, gauge fields and four-fermion interactions.-In this section, we are going to consider our model in a more general context, where gravity, quantum gauge fields and suitable four-fermion interactions are taken into account. Firstly, it is well known that in the fistorder formalism, gravity depends on spin connection and tetrads. When they are considered independent variables, then a non-null torsion is allowed [11] . Moreover, dynamical fermionic matter, once added to gravitational theory, becomes the natural source of torsion. Consequently, it seems quite natural to try to deal with gravity and fermions on the same footing. This is possible by employing the same ingredients of our model. In fact, the Einstein-Cartan theory with a positive cosmological constant can be reformulated as a gauge-like theory as found by MacDowell and Mansouri [15] . In this theory, the gauge group is nothing but the de Sitter group which must be broken down to the Lorentz subgroup. Moreover, the underlying geometric structure of MacDowellMansouri theory is naturally described within Cartan geometry [9] . The spontaneous symmetry breaking of SO(4, 1) is required because the corresponding unbroken action, namely
does not describe gravity. Thus, the de Sitter-breaking induces the gravitational dynamics and the complete curvature tensor F ab µν in the above action must be replaced by its reduced version F ab µν , i.e. 
This can be done, for example, by introducing a suitable symmetry-breaking mechanism [12, 14, 16] . Note that a similar proposal including also fermions was made in [17] . However, in the Euclidean spacetime, an alternative derivation of the (generalized) MacDowell-Mansouri action from a topological theory was proposed in [18] by requiring the presence of gravitational instantons. This mechanism can induce the symmetry breaking also in our theory once that SO(4, 1) is replaced by the SO(5) group. Thus, from this point of view, gravity and fermions can be analyzed within a common geometric framework.
Moreover, following our model, we can easily couple the spinor field with other quantum gauge fields via the following replacements
where V β and B αβ are a vector and an anti-symmetric tensor fields, respectively. It is straightforward to see that the corresponding twisted Dirac operator D g in the flat spacetime gets the standard form
At the same time, suitable four-fermion interactions not included in this operator, can be implemented in our model, by adding to S F D the following quartic terms
where ϑ is a dimensionless parameter. These are the only possible quartic terms that we can make by employing the Levi-Cvita symbol and F µν without introducing the metric tensor in order to not add explicitly propagating degrees of freedom. However, in the Minkowski spacetime the inner product is induced in the first term that coincides with the standard relativistic dipole-dipole interaction term, i.e.
while the second one, given by
deserves further studies not being included in the standard Nambu-Jona-Lasinio model [19] .
Conclusions.-To summarize, we have introduced a new fermion theory in curved spacetime that has no propagating degrees of freedom. For this reason, we have called it spinor-topological field theory, which is locally invariant under the de Sitter group. We have shown that the dynamics of spinor field emerges once that the de Sitter invariance is broken down to the Lorentz one, giving rise to the Dirac theory. Consequently, we have provided a geometric meaning to the fermion mass. In order to build our model, we have used the Cartan geometry, which naturally describes the dynamical properties of spacetime. Thus, in this framework, both gravity and fermions can be analyzed within a common geometric language. Finally, we have shown that quantum gauge fields and four-fermion interactions can be easily included in our theory.
